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We revisit the η-pairing states in Hubbard models and explore their connections to quantum
many-body scars to discover a universal scars mechanism. η-pairing occurs due to an algebraic
structure known as a Spectrum Generating Algebra (SGA), giving rise to equally spaced towers
of eigenstates in the spectrum. We generalize the original η-pairing construction and show that
several Hubbard-like models on arbitrary graphs exhibit SGAs, including ones with disorder and
spin-orbit coupling. We further define a Restricted Spectrum Generating Algebra (RSGA) and give
examples of perturbations to the Hubbard-like models that preserve an equally spaced tower of the
original model as eigenstates. The states of the surviving tower exhibit a sub-thermal entanglement
entropy, and we analytically obtain parameter regimes for which they lie in the bulk of the spectrum,
showing that they are exact quantum many-body scars. The RSGA framework also explains the
equally spaced towers of eigenstates in several well-known models of quantum scars, including the
AKLT model.
I. INTRODUCTION
The study of ergodicity and its breaking in isolated
quantum systems has been a growing branch of research
in quantum many-body physics. In particular, novel
mechanisms for the violation of the Eigenstate Ther-
malization Hypothesis (ETH) [1–4] have gained recent
attention, particularly a mechanism known as Quan-
tum Many-Body Scarring. Unlike other mechanisms
of ETH violation such as integrability and Many-Body
Localization (MBL) [5], where the entire spectrum of
a Hamiltonian violates ETH, quantum scarred models
consist of some ETH-violating eigenstates in an other-
wise ETH-satisfying spectrum. Hamiltonian systems cur-
rently known to exhibit quantum scars can be roughly
classified into three categories. First, models that exhibit
an analytically solvable equally spaced tower of eigen-
states. This line of study was initiated by the discovery of
an ETH-violating tower of states in the celebrated AKLT
model [6–8]. Similar towers of eigenstates were subse-
quently discovered in several families of models [9–14].
Second, ETH-violating eigenstates can be systematically
embedded within an otherwise non-integrable model, as
first illustrated in Ref. [15]. This formalism can be used
to explain the existence of scars in several models [9, 16–
18]. Third, approximate quantum scars that manifest
in the dynamics of simple initial states, first found in
the PXP model [19–24]. Similar phenomenology has also
been found in a variety of models in one [25–33] and
two [34–36] dimensions. Unlike the other two categories
of quantum scars, the towers of states in these models are
not exactly solvable, although some different eigenstates
can be analytically obtained in some cases [35–39]. How-
ever, this latter situation is the only case where the effect
of quantum scars has been experimentally observed - in
a cold atom experiment [40].
In this work, we focus on the analytically tractable
quantum scars of the first category, i.e. equally spaced
towers of states. All the known examples of such towers
exist in hard-core bosonic spin models, which are hard to
naturally realize in experiments. It is thus highly desir-
able to look for similar phenomena in more physically rel-
evant electronic systems. Equally spaced towers of states
have been known to occur in the celebrated Hubbard
models since the seminal work of Yang that introduced
the mechanism of η-pairing [41]. The existence of η-
pairing and the related Off-Diagonal Long-Range Order
(ODLRO) is attributed to the understanding of a pseu-
dospin SU(2) symmetry of the Hubbard model [42, 43].
There has since been a vast amount of literature studying
the existence and properties of η-pairing and its general-
izations to a wide range of models [44–52]. Despite this
large body of literature, the natural connection between
the η-pairing states and the infinite-temperature quan-
tum dynamics of the Hubbard models has not been ex-
tensively explored apart from the one-dimensional case,
where the Hubbard model is fully integrable [53]. Notable
exceptions include Ref. [54], which computed the entan-
glement of some analytically tractable eigenstates [43] of
the D-dimensional Hubbard models, and Ref. [55], where
the effect of η-pairing on many-body localized Hubbard
models was numerically explored. However, the ana-
lytically tractable η-pairing states in the D-dimensional
Hubbard models [43] are not examples of quantum scars
even though some of them have low entanglement since
it was proven that they are the only eigenstates in their
respective quantum number sectors [54]. That is, they
do not appear to be mixed with ETH-satisfying states in
the spectrum with the same set of quantum numbers.
Given the similarity with quantum scars, it is natu-
ral to explore the precise connection of these η-pairing
towers of states and quantum many-body scars. In par-
ticular, we ask if it is possible to deform the Hubbard
model such that the pseudospin - η- symmetry is bro-
2ken (and hence most of the η-pairing eigenstates would
cease to be eigenstates) while preserving a subset of the
analytically tractable eigenstates of the Hubbard model,
which would then become examples of quantum many-
body scars. To do so, we first recast η-pairing as a real-
space phenomenon in contrast to the momentum-space
approach employed in most of the literature. This makes
clear the minimal conditions necessary for the existence
of η-pairing, and unravels a large class of Hubbard mod-
els with disorder and/or spin-orbit coupling that exhibit
η-pairing. We refer to this algebraic structure as a Spec-
trum Generating Algebra (SGA). We then introduce the
concept of a Restricted Spectrum Generating Algebra
(RSGA), and we show that perturbations can be added
to the Hubbard models that enable some of the analyt-
ically tractable η-pairing towers of the Hubbard models
to survive as eigenstates of the perturbed models. We
show analytically that these states, which have a low en-
tanglement entropy [54], lie in the bulk of the spectrum
of their quantum number sectors, and thus form exam-
ples of quantum many-body scars. We show that these
RSGAs also appear in existing models of quantum scars
in the literature, for example, the AKLT model [7] and
the spin-1 XY model [9]. We note that related algebraic
structures have appeared in the literature in the past
in the context of Generalized Hubbard Models [46], and
more recently in the context of unifying formalisms for
quantum scarred models [13, 26].
This paper is organized as follows. In Sec. II we re-
view the Fermi-Hubbard model and the existence of a
Spectrum Generating Algebra (SGA), i.e. the η-pairing
states. In Sec. III, we illustrate the generalization of the
η-pairing states to Hubbard models on arbitrary graphs
with disorder in the hopping terms and with spin-orbit
coupling. We discuss some examples in Sec. IV. In
Sec. V, we introduce the concept of Restricted Spectrum
Generating Algebra (RSGA), which captures the behav-
ior of several known quantum scarred models, and we in-
troduce perturbations to the (generalized) Hubbard mod-
els that realize an RSGA. There, we analytically show
that the tower of eigenstates realized by the RSGA are
quantum many-body scars of the perturbed Hamiltoni-
ans by deriving the conditions for which the states are
in the bulk of the spectra of their quantum number sec-
tors. In Sec. VI, we comment on connections between
the RSGA formalism and quantum scarred models in the
literature. We conclude with a discussion of future direc-
tions in Sec. VII.
II. REVIEW OF η-PAIRING IN THE HUBBARD
MODEL
We review the construction of η-pairing states in the
Fermi-Hubbard model (that we also refer to as the “Hub-
bard model”), first obtained in Refs. [41–43]. The Hub-
bard Hamiltonian is given by
HHub =
∑
σ∈{↑,↓}
[
−t ∑
〈r,r′〉
(
c†
r,σcr′,σ + h.c
)
− µ∑
r
c†
r,σcr,σ
]
+ U
∑
r
n̂r,↑n̂r,↓. (1)
where n̂r,σ ≡ c†r,σcr,σ, {r} is the set of sites on an arbi-
trary graph, (in D dimensions) and 〈r, r′〉 denotes near-
est neighboring sites. On a D-dimensions hypercubic lat-
tice with periodic boundary conditions and even lengths
in all directions, the Hubbard model admits translation
invariance, charge and spin SU(2) symmetries, and lat-
tice mirror symmetries. In that case, the Hubbard Hamil-
tonian can be written as
HHub =
∑
k
∑
σ∈{↑,↓}
Ekc†k,σck,σ + U
∑
r
n̂r,↑n̂r,↓, (2)
where
Ek ≡ −µ− 2t
D∑
i=1
cos ki, (3)
where ki is the momentum in the i-th direction. For these
Hamiltonians, Refs. [41, 42] showed that there exists an
operator η† defined as
η† ≡
∑
k
c†
k,↑c
†
pi−k,↓ =
∑
r
eipi·rc†
r,↑c
†
r,↓, (4)
where pi ≡ (pi, pi, · · · , pi), that satisfies the relation
[HHub, η
†] = (U − 2µ)η†. (5)
In fact, for a system with L sites in each dimension, the
η† and η operators, along with
ηz ≡ 1
2
[η†, η] =
1
2
∑
r,σ
n̂r,σ − LD
 , (6)
constitute a full (pseudospin) SU(2) symmetry of the
Hubbard model [42]. That is,
[ηz, η
†] = η†, [ηz , η] = −η,
[HHub, ηz] = 0, [HHub,η
2] = 0, (7)
where η2 is the total pseudospin operator
η2 ≡ 1
2
(η†η + ηη†) + (ηz)
2. (8)
Eq. (5) is said to be an example of a Spectrum Generat-
ing Algebra (SGA) [56, 57], when an operator satisfying1
[H, η†] = Eη†, (9)
1 We note that the terms “Spectrum Generating Algebra” and
“Dynamical Symmetry” have been used to denote a variety of
related (but subtly distinct) concepts in the literature [58–61].
In this work we will only use SGA to refer to Eq. (9).
3generates a series of equally spaced energy eigenstates.
Indeed, if |ψ0〉 is an eigenstate of H with energy E0,
η† |ψ0〉 is also an eigenstate with energy E0 + E (see
App. C). Iterating this idea until (η†)N+1 |ψ0〉 vanishes
(which it does, as η† increases the number of fermions by
2), we obtain an equally-spaced tower of states given by
{|ψ0〉 , η† |ψ0〉 , · · · , (η†)N |ψ0〉} (10)
with corresponding energies given by
{E0, E0 + E , E0 + 2E , · · · , E0 +NE}. (11)
In the case of the Hubbard model, E = (U − 2µ) (see
Eq. (5)).
Although Eq. (9) leads to the existence of a tower of
states starting from |ψ0〉, it does not imply that the ex-
pressions of any of the eigenstates can be obtained analyt-
ically. However, for the Hubbard Hamiltonian of Eq. (2)
in any dimensions, several U -independent eigenstates can
be obtained analytically [42]. Note that the vacuum state
|Ω〉, and the spin-polarized eigenstates of the hopping op-
erator are also ferromagnetic eigenstates of the Hubbard
Hamiltonian. As a consequence of the spin SU(2) sym-
metry, multiplets eigenstates can be obtained by applying
spin raising and lowering operators on these eigenstates.
Further, several more eigenstates are obtained applying
the η† operator repeatedly on those eigenstates, although
not all of the resulting eigenstates are independent [42].
III. η-PAIRING ON ARBITRARY GRAPHS
To unravel the most general necessary conditions for
having a spectrum generating algebra, we break several
symmetries of the Hubbard Hamiltonian HHub. We con-
sider much more general Hubbard Hamiltonians with
disorder and spin-orbit coupling on arbitrary graphs.
This forces us to obtain a real-space understanding of
η-pairing, unlike the momentum space derivations used
in most of the literature. We consider the generalized
Hubbard Hamiltonian
Hgen = −
∑
σ,σ′
∑
〈r,r′〉
(
tσ,σ
′
r,r′c
†
r,σcr′,σ′ + t
σ′,σ
r′,r c
†
r′,σ′cr,σ
)
︸ ︷︷ ︸
≡T̂σ,σ
′
r,r′
−∑
r,σ
µr,σn̂r,σ +
∑
r
Urn̂r,↑n̂r,↓, (12)
where σ, σ′ denotes the spin, 〈r, r′〉 denote nearest neigh-
boring sites r and r′ on the graph, {tσ,σ′
r,r′} are spin
and position dependent hopping strengths satisfying Her-
miticity (tσ,σ
′
r,r′ = t
σ′,σ⋆
r′,r ), and {µr,σ} are spin dependent
real chemical potentials. Note that since we are consid-
ering the Hamiltonian Eq. (12) on arbitrary graphs, we
can without loss of generality consider the hopping terms
tσ,σ
′
r,r′ to be non-vanishing on nearest neighboring sites on
the graph. Note that the Hamiltonian of Eq. (12) breaks
all the usual symmetries of the original Hubbard model
of Eq. (1) except the charge U(1) symmetry. Despite
breaking these symmetries, we find that Hgen admits an
SGA (and hence preserves the pseudospin “η” symme-
try) provided the hopping strengths {tσ,σ′
r,r′}, and {µr,σ}
are appropriately chosen. We define the η† operator to
be
η† ≡
∑
r
qrη
†
r ≡
∑
r
qrc
†
r,↑c
†
r,↓, (13)
and derive conditions on {qr} and {tσ,σ
′
r,r′} such that the
Hamiltonian of Eq. (12) admits an SGA.
We first explicitly compute the following commutators
of η† with the on-site terms of the Hamiltonian
[
∑
r,σ
µr,σn̂r,σ, η
†] =
∑
r
qrµr,σ[n̂r,σ, η
†
r] =
∑
r
qr
(∑
σ
µr,σ
)
η†r
[
∑
r,σ
Urn̂r,↑n̂r,↓, η
†] =
∑
r
qrUr[n̂r,↑n̂r,↓, η
†
r
] =
∑
r
qrUrη
†
r
(14)
where we have used Eq. (A4). Thus, by choosing on-site
chemical potentials and interactions that satisfy
Ur − µr,↑ − µr,↓ = E , (15)
we obtain
[
∑
r,σ
µr,σn̂r,σ +
∑
r,σ
Urn̂r,↑n̂r,↓, η
†] = Eη†. (16)
Note that Eq. (15) allows for the addition of disordered
on-site magnetic fields, see Ref. [55] for an example of
η-pairing in such a setting. We only require that E does
not depend on r.
We now move on to the hopping term in Eq. (12). In
App. B, we show the following (see Eq. (B2))
[
∑
σ,σ′
T̂ σ,σ
′
r,r′ , qrη
†
r
+ qr′η
†
r′
] = 0
(17)
provided {tσ,σ′
r,r′} and {qr} satisfy (see Eq. (B6))
qrt
σ′,σ
r′,r sσ + qr′t
σ¯,σ¯′
r,r′ sσ′ = 0 ∀σ, σ′, ∀〈r, r′〉, (18)
where we have defined
sσ ≡
{
+1 if σ =↑
−1 if σ =↓ , σ¯ ≡
{ ↓ if σ =↑
↑ if σ =↓ . (19)
Using Eqs. (16) and (17), we obtain
[Hgen, η
†] = Eη†, (20)
illustrating the generality of η-pairing.
IV. EXAMPLES OF η-PAIRING
We now discuss a few examples of η-pairing with and
without spin-orbit coupling.
4A. Without Spin-Orbit Coupling
We first consider the case without spin-orbit coupling.
That is, we set
t↑,↓
r,r′ = t
↓,↑
r,r′ = 0, ∀〈r, r′〉. (21)
Eq. (18) reads
qrt
σ,σ
r′,r + qr′t
σ¯,σ¯
r,r′ = 0 σ ∈ {↑, ↓}, ∀〈r, r′〉, (22)
leading to
qr
qr′
= − t
↓,↓
r,r′
(t↑,↑
r,r′)
∗
= − t
↑,↑
r,r′
(t↓,↓
r,r′)
∗
. (23)
Using Eq. (23), we obtain
|t↓↓
r,r′ | = |t↑,↑r,r′ | =⇒
|qr|
|qr′ | =
|t↓,↓
r,r′ |
|t↑,↑
r,r′ |
= 1. (24)
Without loss of generality, as the norm of qr is site-
independent, we can set |qr| = 1 and choose
qr = e
iφr , t↑,↑
r,r′ = tr,r′e
iθ
↑,↑
r,r′ , t↓,↓
r,r′ = tr,r′e
iθ
↓,↓
r,r′ (25)
where tr,r′ is a positive real number, and
θ↑,↑
r,r′ + θ
↓,↓
r,r′ + pi = φr − φr′ . (26)
We now illustrate some examples of an SGA in a dis-
ordered system. For a one-dimensional chain of length
L, 1 ≤ r ≤ L the choice of hoppings
θ↑,↑
r,r′ = θ
↓,↓
r,r′ = 0 (27)
corresponds to the usual Hubbard model of Eq. (1).
Thus, according to Eq. (26), we see that we can choose
qr = e
ipi·r when L is even for periodic boundary condi-
tions or any L for open boundary conditions, recovering
the standard η† operator of Eq. (4). In fact, for bipartite
graphs with sublattices A and B, η† operators can be
found for Hubbard models on by choosing
qr =
{
+1 if r ∈ A
−1 if r ∈ B , (28)
which has also been derived in Ref. [44].
To obtain η-pairing states on non-bipartite lattices, we
could choose qr = ±1, but we would necessarily have
some pairs of nearest neighboring sites r and r′ such
that φr = φr′ . Eq. (25) for such r and r
′ can be satisfied
by the choice
θ↑,↑
r,r′ = θ
↓,↓
r,r′ =
pi
2
. (29)
For example, on a triangular lattice, for every triangle
with vertices denoted by r1, r2, r3 we could for example
choose φr1 = φr3 = 0 and φr2 = pi. In such a case,
we need to choose for example tr1,r2 = tr2,r3 = +t and
tr3,r1 = it to satisfy Eq. (26), which corresponds to the
addition of a pi/2 flux [51].
B. With Spin-Orbit Coupling
We now explore the case when hopping terms with
spin-orbit coupling are added to the generalized Hubbard
Hamiltonian of Eq. (12). In addition to Eq. (21), from
Eq. (18) we obtain
qrt
σ,σ¯
r′,r − qr′tσ,σ¯r,r′ = 0 σ ∈ {↑, ↓}, ∀〈r, r′〉, (30)
enforcing that
qr
qr′
=
t↑,↓
r,r′(
t↓,↑
r,r′
)∗ = t↓,↑r,r′(
t↑,↓
r,r′
)∗ =⇒ |t↑,↓r,r′ | = |t↓,↑r,r′ |. (31)
Thus, in addition to Eq. (25) we can choose
t↑,↓
r,r′ = t˜r,r′e
iθ↑,↓
r,r′ , t
↓,↑
r,r′ = t˜r,r′e
iθ↓,↑
r,r′ (32)
where t˜r,r′ is a positive real number such that
θ↑,↓
r,r′ + θ
↓,↑
r,r′ = φr − φr′ . (33)
Thus, nearest-neighbor hopping terms with spin-orbit
coupling to the Hubbard model on a bipartite graph (so
that the hoppings are always between sites on different
sublattices), provided they satisfy
θ↑,↓
r,r′ + θ
↓,↑
r,r′ = ±pi =⇒ t↑,↓r,r′ = −t↓,↑r,r′ , (34)
where we have used Eqs. (26), (27), and (33). We can
indeed verify that in this limit, we recover the conditions
derived for η-pairing in translation-invariant spin-orbit
coupled Hubbard models in Ref. [52].
V. QUANTUM MANY-BODY SCARS FROM
THE HUBBARD MODEL
As we showed in the previous sections, the existence
of an SGA in the generalized Hubbard models gives rise
to several towers of η-pairing states. We now ask if per-
turbations can be added to those models that preserve
some but not all of the towers generated by η-pairing
are preserved. We introduce the concept of a Restricted
Spectrum Generating Algebra (RSGA), a restriction of
the SGA discussed in Sec. II, and illustrate perturbations
that realize those conditions. These perturbed Hamilto-
nians hence preserve some towers generated by η-pairing,
and we argue that the resulting towers of eigenstates be-
come quantum many-body scars in the perturbed Hamil-
tonians. We note that everything we derive here will ap-
ply to both the original Hubbard model of Eq. (2) and
the generalized Hubbard models of Eq. (12), but we focus
on the latter for the sake of generality.
A. RSGA of Order 1
A Hamiltonian H is said to exhibit a Restricted Spec-
trum Generating Algebra of Order 1 (RSGA-1) if there
5exists a state |ψ0〉 and an operator η† such that η† |ψ0〉 6=
0 that satisfy
(i) H |ψ0〉 = E0 |ψ0〉
(ii) [H, η†] |ψ0〉 = Eη† |ψ0〉
(iii) [[H, η†], η†] = 0. (35)
As we show in Lemma C.2 in App. C, the conditions of
Eq. (35) lead to the existence of a equally-spaced tower
of states {(η†)n |ψ0〉} starting from |ψ0〉. We illustrate
this concept by choosing |ψ0〉 = |Ω〉, the empty vacuum
state, and as a perturbation of the Hamiltonian Hgen, the
electrostatic interaction of the form
Î2 ≡
∑
σ,σ′
∑
〈〈r,r′〉〉
V σ,σ
′
r,r′ n̂r,σn̂r′,σ′ , (36)
where 〈〈r, r′〉〉 runs over some or all pairs of sites on
the graph. Note that this sum can be restricted to only
nearest-neighbor sites for a more physical choice of inter-
action. Since |Ω〉 is an eigenstate of the Hubbard Hamil-
tonian Hgen and Î2, we obtain
(Hgen + Î2) |Ω〉 = 0, (37)
satisfying condition (i) of RSGA-1 with E0 = 0. Further,
using the commutation relation in Eq. (A4)
[n̂r,σ, η
†
r
] = η†
r
, (38)
we deduce for r 6= r′ that
[n̂r,σn̂r′,σ′ , qrη
†
r+qr′η
†
r′
] = qrη
†
rn̂r′,σ′+qr′ n̂r,ση
†
r′
. (39)
Using Eq. (39), we note that
[n̂r,σn̂r′,σ′ , η
†] |Ω〉 = [n̂r,σn̂r′,σ′ , qrη†r + qr′η†r′ ] |Ω〉 = 0.
(40)
due to the r and r′ occupations of the vacuum state.
As a consequence, we obtain [Î2, η
†] |Ω〉 = 0 and [Hgen +
Î2, η
†] = Eη†, satisfying condition (ii) of RSGA-1. Fur-
ther, we note that using Eqs. (38) and (39), we obtain
[[n̂r,σn̂r′,σ′ , qrη
†
r
+ qr′η
†
r′
], qrη
†
r
+ qr′η
†
r′
] = 2qrqr′η
†
r
η†
r′
.
(41)
Thus, we obtain
[[Î2, η
†], η†] = 2
∑
〈〈r,r′〉〉
(
∑
σ,σ′
V σ,σ
′
r,r′ )qrqr′η
†
r
η†
r′
. (42)
Setting ∑
σ,σ′
V σ,σ
′
r,r′ = 0, (43)
and using Eqs. (42) and (20), we obtain
[[Hgen + Î2, η
†], η†] = 0, (44)
satisfying condition (iii) of RSGA-1. Thus, as a con-
sequence of Lemma C.2, the Hamiltonian (Hgen + Î2)
exhibits the tower {(η†)n |Ω〉} as eigenstates, although
other η-pairing towers (starting from other states than
the vacuum state) of the Hubbard Hamiltonian might
not be preserved. A simple physical interaction that sat-
isfies Eq. (43) is the nearest neighbor Sz−Sz interaction.
B. RSGA of Order M
We now study perturbations to the Hubbard model
that do not satisfy the conditions of RSGA-1 but still
preserve a tower of states. The concept of RSGA-1 can
be generalized straightforwardly as follows. We define a
set of states {|ψn〉} as
|ψn〉 ≡ (η†)n |ψ0〉 . (45)
We define a set of operators {Hn} as
H0 ≡ H, Hn+1 ≡ [Hn, η†], ∀n ≥ 0. (46)
A Hamiltonian H is said to exhibit a Restricted Spectrum
Generating Algebra of Order M (RSGA-M) if there ex-
ists a state |ψ0〉 and an operator η† such that |ψn〉 6= 0
for n ≤M that satisfy
(i) H |ψ0〉 = E0 |ψ0〉
(ii) H1 |ψ0〉 = Eη† |ψ0〉
(iii) Hn |ψ0〉 = 0 ∀ n, 2 ≤ n ≤M
(iv) Hn
{ 6= 0 if n ≤M
= 0 if n =M + 1
, (47)
where condition (iii) of RSGA-1 of Eq. (35) has been
modified. As we show in Lemma C.3 in App. C,
the conditions of Eq. (47) is equivalent to the exis-
tence of a equally-spaced tower of states {(η†)n |ψ0〉}
starting from |ψ0〉. Note that conditions (i)-(iii) of
RSGA-M lead to the existence of exact eigenstates
{|ψ0〉 , η† |ψ0〉 , · · · , (η†)M |ψ0〉} with energies {E0, E0 +
E , · · · , E0 +ME}. If we do not add condition (iv), then
these are all the guaranteed eigenstates, for a given M .
Condition (iv) ensures that (η†)n |ψ0〉 is also an eigen-
state of H for any n as long as it does not vanish.
We now explicitly construct a perturbation to the gen-
eralized Hubbard model Hgen that admits an RSGA of
orderM . Consider the (M +1)-body density interaction
term
ÎM+1 ≡
∑
{rj}
V
{σj}
{rj}
M+1∏
j=1
n̂rj ,σj , (48)
where {rj} represent a (chosen) set of (M + 1) distinct
sites and {σj} a set of (M + 1) spins. On the vacuum
state |Ω〉, we obtain
(Hgen + ÎM+1) |Ω〉 = 0, (49)
6satisfying condition (i) of RSGA-M with E0 = 0. Using
Eq. (38), we obtain
[
M+1∏
j=1
n̂rj ,σj , η
†] =
M+1∑
k=1
qrkη
†
rk
M+1∏
j=1,j 6=k
n̂rj ,σj , (50)
and thus [ÎM+1, η
†] |Ω〉 = 0. Using Eq. (20) we further
obtain [Hgen + ÎM+1, η
†] |Ω〉 = Eη† |Ω〉, satisfying condi-
tion (ii) of RSGA-M . Similarly, we can compute subse-
quent commutators with η†. Since according to Eq. (38)
each commutator replaces an n̂r,σ by η
†
r
, applying less
than (M + 1) commutators, we obtain
[[
M+1∏
j=1
n̂rj ,σj , η
†], η†] · · · ] · · · ]]︸ ︷︷ ︸
n times
6= 0 ∀ n, 2 ≤ n ≤M. (51)
Furthermore, since the commutator applied less than
(M +1) times necessarily consists of at least one number
operators n̂r,σ in each term, it vanishes on the vacuum
state |Ω〉, i.e.
[[
M+1∏
j=1
n̂rj ,σj , η
†], η†] · · · ] · · · ]]︸ ︷︷ ︸
n times
|Ω〉 = 0 ∀ n, 2 ≤ n ≤M.
(52)
The interaction ÎM+1 of Eq. (48) along with Eq. (20)
thus satisfies conditions (iii) of Eq. (47) with |ψ0〉 = |Ω〉.
Applying the commutator (M + 1) times, we obtain
[[
M+1∏
j=1
n̂rj ,σj , η
†], η†] · · · ] · · · ]]︸ ︷︷ ︸
M+1 times
=
M+1∏
j=1
η†
rj
. (53)
Using Eqs. (48) and (53), we obtain
[[ÎM+1, η
†], η†] · · · ] · · · ]]︸ ︷︷ ︸
M+1 times
=
 ∑
{rj},{σj}
V
{σj}
{rj}
 M∏
j=1
η†rj .
(54)
Condition (iv) of Eq. (47) can be satisfied if∑
{rj},{σj}
V
{σj}
{rj}
= 0, (55)
and the Hamiltonian (Hgen+ ÎM+1) exhibits an RSGA of
order M . Note that while these perturbations preserve
the same tower of states {(η†)n |Ω〉} as the perturbations
illustrated in Sec. VA, the algebra is different; this allows
us to obtain many different terms that can be added to
the Hamiltonian in order to maintain this tower of states.
C. Connections to Quantum Scars
We now prove that the towers {(η†)n |Ω〉} in the Hamil-
tonians (HHub+ÎM+1) discussed as examples in Secs. VA
and VB are the quantum many-body scars for appro-
priate values of the Hamiltonian parameters, when it is
non-integrable and expected to satisfy ETH. Physically,
the states of the tower are composed of doubly-occupied
quasiparticles “doublons” dispersing on top of the vac-
uum state |Ω〉. The energy of a doublon is (U−2µ) under
the Hubbard Hamiltonian, hence the state (η†)n |Ω〉 has
an energy n(U − 2µ), spin Sz = 0, and charge Q = 2n.
The highest state of the tower consists of all the sites
being filled with doublons. As expected for quasiparti-
cles on top of a low entanglement state [8, 9], and as
rigorously computed in Ref. [54], the entanglement en-
tropy S of the state (η†)n |Ω〉 scales as the logarithm of
the subsystem volume (S ∼ logV ), in contrast to the
volume-law (S ∼ V ) predicted by ETH [4].
By estimating the energies of the states in the sector
with spin Sz = 0 and charge Q = 2n, we now show that
some states of the tower {(η†)n |Ω〉} can be in the bulk
of the spectrum of their quantum number sectors. Note
that, unlike in Ref. [54], we have now lost the η-pairing
symmetry, and hence the theorem, proven in Ref. [54] -
that the η-pairing states are the only ones in their quan-
tum number sectors, does not apply. For example, con-
sider the Hubbard model HHub of Eq. (1) in one dimen-
sion with an even system size L. Non-interacting fer-
romagnetic eigenstates with charge Q = 2n can be con-
structed by occupying the single-particle spectrum of the
quadratic part of the Hamiltonian HHub with 2n ↑ spins.
These eigenstates have spin quantum numbers Sz = n,
and the lowest and highest energies E− and E+ of such
states are given by
E± = −2nµ ± 2t
n−1∑
j=−n
cos
(
2pij
L
)
= −2nµ ± 2t cot
(
pi
L
)
sin
(
2npi
L
)
. (56)
As a consequence of the spin-SU(2) symmetry of HHub,
eigenstates with the same energies but with spin Sz = 0
can be constructed by applying the spin lowering oper-
ator on these non-interacting ferromagnetic eigenstates.
By adding a perturbation ÎM+1 that breaks spin-flip sym-
metry and translation invariance to HHub, we break the
integrability of the one-dimensional Hubbard model 2
and all the symmetries ofHHub except spin Sz and charge
U(1). For a small perturbation strength, we expect the
lowest and highest energy eigenstates of the Sz = 0 and
Q = 2n sector to still be upper and lower bounded by
(approximately) E− and E+ respectively. Thus, we ex-
pect the state (η†)n |Ω〉 to be certainly in the bulk of
2 We have numerically checked that the Hamiltonians (HHub +
Î2) with nearest-neighbor electrostatic interactions exhibit level
repulsion and GOE level statistics for generic values of couplings
{V σ,σ
′
r,r′
}, even if they satisfy Eq. (43).
7the spectrum of its own quantum number sector Sz = 0,
Q = 2n if E− < n(U − 2µ) < E+, or,
−2t
n
cot
(
2pi
L
)
sin
(
2npi
L
)
< U <
2t
n
cot
(
2pi
L
)
sin
(
2npi
L
)
,
(57)
which can always be satisfied by an appropriate choice of
U and t. For a finite density of doublons in the thermo-
dynamic limit (n/L = ρ and n, L → ∞), using Eq. (57)
we obtain
− sin (2piρ)
piρ
<
U
t
<
sin (2piρ)
piρ
. (58)
We could also add small spin-orbit coupling and disorder
to HHub to obtain Hgen. This breaks the spin U(1) sym-
metry, which combines the quantum number sectors of
various Sz’s with the same Q. The estimate of Eq. (58)
is thus a condition under which some states of the tower
{(η†)n |Ω〉} are quantum many-body scars of the Hamil-
tonian (Hgen+ ÎM+1). While we have broken translation
invariance here, in App. D we show that these scars are in
the bulk of the spectrum as long as Eq. (58) is satisfied,
even when translation, inversion, and spin-flip symme-
tries are not broken. Further, in App. E, we obtain sim-
ilar conditions for the towers of states in D-dimensional
models to lie in the bulk of the spectrum.
VI. RSGA AND QUANTUM SCARRED
MODELS
Exact towers of states as discussed in Sec. V are also
found in several models of exact quantum many-body
scars [7–11, 13, 14]. In this section, we briefly comment
on the connections between the RSGA formalism intro-
duced here and quantum scarred models in the litera-
ture, and in particular the unified formalism introduced
in Ref. [13]. The theorem of Eq. (1) in Ref. [13] states
that given an eigenstate |ψ0〉 of Hamiltonian H with
energy E0, and a subspace W such that |ψ0〉 ∈ W , a
tower of equally spaced states {(η†)n |ψ0〉} with energies
{E0 + nE} is guaranteed if for any |ψ〉 ∈W
(i) [H, η†] |ψ〉 = Eη† |ψ〉 , (ii) η† |ψ〉 ∈ W. (59)
Since the RSGAs guarantee the existence of a
tower of states {(η†)n |ψ0〉}, they satisfy the condi-
tions of Eq. (59) by choosing the subspace W =
span{|ψ0〉 , η† |ψ0〉 , · · · , (η†)N |ψ0〉}, and are captured by
the formalism of Ref. [13]. However, since we can obtain
RSGAs of any order, they provide a finer classification of
quantum scarred models. We illustrate this connection
by focusing on two examples: (i) the spin-1 XY model
family studied in Ref. [9], which we find admit RSGAs
of order M = 1, and (ii) the families of spin-1 scarred
Hamiltonians (including the AKLT Hamiltonian) stud-
ied in Refs. [7, 13, 14], which we find admit RSGAs of
order M = 2. For pedagogical purposes, we now detail
the former and provide a similar derivation for the latter
in App. F.
The spin-1 XY Hamiltonian family on aD-dimensional
hypercubic lattice with size L in each dimension is given
by
H(x) = J
∑
〈r,r′〉
(Sx
r
Sx
r′
+ Sy
r
Sy
r′
)
︸ ︷︷ ︸
HXY
+ h
∑
r
Sz
r︸ ︷︷ ︸
Hz
+D
∑
r
(Sz
r
)2︸ ︷︷ ︸
H
z2
.
(60)
Throughout this section we label the spin-1 degrees of
freedom by {+, 0,−}. As discussed in Ref. [9], the spin-1
XY Hamiltonian has a tower of states starting from a
spin-polarized root eigenstate |Ω〉 ≡ |− − · · · − −〉:
H(x)(P(x))n |Ω〉 = (h(2n− LD) +DLD)(P(x))n |Ω〉 ,
(61)
for 0 ≤ n ≤ LD and
P(x) ≡
∑
r
eiπ·r(S+
r
)2. (62)
Ref. [13] showed that
[Hz,P(x)] = 2hP(x), [Hz2 ,P(x)] = 0,
[HXY ,P(x)] = 4J
∑
〈r,r′〉
eipi·rĥr,r′ , (63)
where ĥr,r′ reads
ĥr,r′ = |0 +〉 〈− 0| − |+ 0〉 〈0 −| . (64)
We can thus decompose H(x) as
H(x) = Hz2 +Hz︸ ︷︷ ︸
H
(x)
SGA
+HXY︸ ︷︷ ︸
V̂ (x)
, (65)
where H
(x)
SGA admits an exact SGA, i.e.,
[H
(x)
SGA,P(x)] = E(x)P(x), E(x) = 2h. (66)
We thus obtain
[H(x),P(x)] = 2hP(x) + 4J
∑
〈r,r′〉
eipi·rĥr,r′ . (67)
Noting that ĥr,r′ |Ω〉 = 0, we obtain
[H(x),P(x)] |Ω〉 = 2hP(x) |Ω〉 . (68)
Further, using Eqs. (67) and (64), we obtain
[[H(x),P(x)],P(x)] = 4J
∑
〈r,r′〉
[ĥr,r′ , (S
+
r )
2 − (S+
r′
)2] = 0.
(69)
Using Eqs. (61), (68), and (69), we obtain that the family
of Hamiltonians of Eq. (61) admit an RSGA of order
M = 1 (see Lemma C.2 in App. C) with |ψ0〉 = |Ω〉,
E0 = (D − h)LD, E = 2h, η† = P(x).
8VII. CONCLUSIONS
In this article, we have shown how quantum many-
body scars based on η-pairing states can appear in gen-
eralized and perturbed fermionic Hubbard models. We
have explored the η-pairing states in the Hubbard model
and generalized in two directions. First, casting η-pairing
as a real-space phenomenon, we find a highly general
Hubbard Hamiltonian potentially with disorder and spin-
orbit coupling that exhibits a Spectrum Generating Al-
gebra (SGA). Second, we introduce the concept of Re-
stricted SGA (RSGA) and add use it to find various per-
turbations to the (generalized) Hubbard models that pre-
serve the η-pairing tower starting from the vacuum state.
The states of this tower have a sub-thermal entangle-
ment entropy, and we analytically obtain conditions for
the states of this tower to lie in the bulk of the spectrum
of their quantum number sector, showing that they are
examples of quantum many-body scars. We further con-
nected RSGAs to some models of exactly solvable quan-
tum scars in the literature, particularly the first two ex-
amples of towers of quantum scars in the AKLT model [7]
and the spin-1 XY model [9]. The scars there can thus
be explained by the existence of RSGAs obtained by per-
turbing Hamiltonians with exact SGAs.
There are many natural extensions to this work. It is
important to understand the connection of RSGAs with
models of quantum scars that exhibit multi-site quasipar-
ticles [10, 11, 14], including Hubbard models with gener-
alized η-pairing [54], where the discussions in this work
do not seem to generalize easily. Further, the RSGAs
described here closely resemble the recently introduced
formalisms for quantum scars in Refs. [13, 26], and it is
highly desirable to better understand the connections be-
tween them, and also connections to the embedding con-
struction in Ref. [38]. Appropriate generalizations of RS-
GAs might also provide a way to construct closed solvable
subspaces that are not necessarily equally spaced towers
of states, akin to the closed Krylov subspaces found in
several constrained systems [62–65]. On a different note,
given that the SGAs and RSGAs survive in the presence
of disorder, it would be interesting to understand the ex-
istence and implications of these towers of states in the
many-body localized regime in Hubbard models [66–70].
Beyond Hamiltonian systems, it would be interesting to
explore η-pairing in the Floquet setting [71] and obtain
RSGA-like algebraic structures to construct models of
Floquet quantum many-body scars [72–77].
Note added : A related work by D. K. Mark and
O. I. Motrunich should appear in the same arXiv posting.
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Appendix A: Useful Identities
In this appendix, we provide some useful operator iden-
tities that we use in this article. We denote spinful
fermionic creation and annihilation operators by {c†r,σ}
and {cr,σ}, where r denotes the site index and σ the spin
index. These obey the algebra
{cr,σ, cr′,σ′} = {c†r,σ, c†r′,σ′} = 0
{cr,σ, c†r′,σ′} = δr,r′δσ,σ′ . (A1)
Further, defining the operators
n̂r,σ ≡ c†r,σcr,σ, η†r ≡ c†r,↑c†r,↓, ηr ≡ −cr,↑cr,↓ (A2)
we directly obtain the useful relations
[c†
r,σ, n̂r′,σ′ ] = −δr,r′δσ,σ′c†r,σ,
[cr,σ, n̂r′,σ′ ] = δr,r′δσ,σ′cr,σ. (A3)
We also obtain
[n̂r,σ, η
†
r′
] = δr,r′η
†
r,
[n̂r,↑n̂r,↓, η
†
r′
] = δr,r′η
†
r, (A4)
[η†
r′
, η†r] = 0,
[ηr′ , η
†
r] = δr,r′(1− n̂r,↑ − n̂r,↓). (A5)
Using Eq. (A3), we also obtain
[c†
r′,σ′cr,σ, η
†
r] = −sσc†r,σ¯c†r′,σ′ , (A6)
where we have defined
sσ =
{
+1 if σ =↑
−1 if σ =↓ , σ¯ =
{ ↓ if σ =↑
↑ if σ =↓ . (A7)
Appendix B: η-pairing with disorder and spin-orbit
coupling
Here we derive the conditions for the η operator of
Eq. (13) to commute with a generic one-body hopping
operator of the form
T̂ σ,σ
′
r,r′ =
(
tσ,σ
′
r,r′ c
†
r,σcr′,σ′ + t
σ′,σ
r′,r c
†
r′,σ′cr,σ
)
. (B1)
Our aim is to determine a set of conditions on {qr},
{tσ,σ′
r,r′} such that
[
∑
σ,σ′
T̂ σ,σ
′
r,r′ , η
†] = [
∑
σ,σ′
T̂ σ,σ
′
r,r′ , qrη
†
r
+ qr′η
†
r′
] = 0. (B2)
9We first compute [T̂ σ,σ
′
r,r′ , qrη
†
r]:
[T̂ σ,σ
′
r,r′ , qrη
†
r] = [t
σ,σ′
r,r′ c
†
r,σcr′,σ′ + t
σ′,σ
r′,r c
†
r′,σ′cr,σ, qrc
†
r,↑c
†
r,↓]
= [tσ
′,σ
r′,r c
†
r′,σ′cr,σ, qrc
†
r,↑c
†
r,↓]
= −qrtσ
′,σ
r′,r sσc
†
r,σ¯c
†
r′,σ′ , (B3)
where we have used Eqs. (A1) and (A6). Similarly, we
also obtain
[T̂ σ,σ
′
r,r′ , qr′η
†
r′
] = [tσ,σ
′
r,r′ c
†
r,σcr′,σ′ + t
σ′,σ
r′,r c
†
r′,σ′cr,σ, qr′c
†
r′,↑c
†
r′,↓]
= [tσ,σ
′
r,r′ c
†
r,σcr′,σ′ , qr′c
†
r′,↑c
†
r′,↓]
= −qr′tσ,σ
′
r,r′ sσ′c
†
r′,σ¯′
c†
r,σ. (B4)
Using Eqs. (B2), (B3), and (B4), we obtain
[
∑
σ,σ′
T̂ σ,σ
′
r,r′ , η
†] = −
∑
σ,σ′
(
qrt
σ′,σ
r′,r sσ − qr′tσ¯,σ¯
′
r,r′ sσ¯′
)
c†r,σ¯c
†
r′,σ′
= −
∑
σ,σ′
(
qrt
σ′,σ
r′,r sσ + qr′t
σ¯,σ¯′
r,r′ sσ′
)
c†r,σ¯c
†
r′,σ′ ,
(B5)
where we have used Eq. (A1) and sσ¯′ = −sσ′ . Eq. (B2)
is thus satisfied by setting
qrt
σ′,σ
r′,r sσ + qr′t
σ¯,σ¯′
r,r′ sσ′ = 0 ∀σ, σ′. (B6)
Appendix C: Tower of States from (Restricted)
Spectrum Generating Algebras
Here we show that the (Restricted) Spectrum Gener-
ating Algebras lead to the existence of a tower of exact
eigenstates of the Hamiltonian. We work with a Hamilto-
nian H and “root eigenstate” |ψ0〉 from which the tower
is generated by the application of η† operator, and use
the definition of Eqs. (C1) and (C2). We define a set of
states {|ψn〉} as
|ψn〉 ≡ (η†)n |ψ0〉 , (C1)
and a set of operators {Hn} as
H0 ≡ H, Hn+1 ≡ [Hn, η†], ∀n ≥ 0. (C2)
Lemma C.1 (SGA). If the Hamiltonian H and operator
η† satisfy the conditions
(i) H |ψ0〉 = E0 |ψ0〉
(ii) [H, η†] = Eη†
then
H |ψn〉 = (E0 + nE) |ψn〉 or |ψn〉 = 0. (C3)
Proof. The proof proceeds straightforwardly via induc-
tion. Assuming |ψm〉 satisfies Eq. (C3), we show |ψm+1〉
satisfies Eq. (C3) provided it does not vanish. Using con-
dition (ii), we obtain
[H, η†] |ψm〉 = E |ψm〉 =⇒ (Hη† − η†H) |ψm〉 = E |ψm〉
=⇒ Hη† |ψm〉 = (E0 +mE + E) η† |ψm〉 . (C4)
Thus, either |ψm+1〉 = 0 or
H |ψm+1〉 =
(
E0 + (m+ 1)E
) |ψm+1〉. Since Eq. (C3) is
satisfied for m = 0 (due to condition (i)), this concludes
the proof.
Lemma C.2 (RSGA-1). If the Hamiltonian H, opera-
tor η†, and state |ψ0〉 such that η† |ψ0〉 6= 0 satisfy the
conditions
(i) H |ψ0〉 = E0 |ψ0〉
(ii) [H, η†] |ψ0〉 = Eη† |ψ0〉 (i.e. H1 |ψ0〉 = E |ψ1〉)
(iii) [[H, η†], η†] = 0 (i.e. H2 = 0)
then
H |ψn〉 = (E0 + nE) |ψn〉 or |ψn〉 = 0. (C5)
Proof. The proof proceeds by induction on two levels.
We first wish to show
H1 |ψn〉 = E |ψn+1〉 (C6)
For the purposes of induction, we assume Eq. (C6) is
valid for |ψm〉. Using condition (iii) we obtain
H2 |ψm〉 = [H1, η†] |ψm〉 = 0 =⇒ (H1η† − η†H1) |ψm〉 = 0
=⇒ H1 |ψm+1〉 = E |ψm+2〉 . (C7)
Since Eq. (C6) is satisfied for m = 0 (due to condition
(ii)), this concludes the proof of Eq. (C6).
Using Eq. (C6), we show Eq. (C5) by induction again.
Assuming Eq. (C5) holds for |ψm〉, using Eq. (C4) we can
show |ψm+1〉 also satisfies it. Since |ψ0〉 satisfies Eq. (C5)
(due to condition (i)), this concludes the proof.
Lemma C.3 (RSGA-M). If the Hamiltonian H, opera-
tor η†, and state |ψ0〉 such that (η†)n |ψ0〉 6= 0 for n ≤M
satisfy the conditions
(i) H |ψ0〉 = E0 |ψ0〉
(ii) H1 |ψ0〉 = E |ψ1〉
(iii) Hn |ψ0〉 = 0 ∀n, 2 ≤ n ≤M
(iv) HM+1 = 0 (i.e. [HM , η
†] = 0)
then
H |ψn〉 = (E0 + nE) |ψn〉 or |ψn〉 = 0. (C8)
10
Proof. We start with conditions (iii) and (iv) and note
that they satisfy the conditions (i) and (ii) of Lemma C.1
with the replacements H → HM , E0 → 0, and E → 0.
Using Eq. (C3), we arrive at
HM |ψn〉 = 0 = [HM−1, η†] |ψn〉 ∀ n. (C9)
Further, using Eq. (C4) along with condition (i) of
Lemma C.1 with the replacements H → HM−1, E0 → 0,
E → 0, as a consequence of Eq. (C9) we obtain
HM−1 |ψn〉 = 0 = [HM−2, η†] |ψn〉 ∀ n, (C10)
which is the same as Eq. (C9) with the replacements
HM → HM−1 and HM−1 → HM . Repeating the steps
from Eq. (C9) to Eq. (C10) successively replacing Hn →
Hn−1 at each step, we finally arrive at
H2 |ψn〉 = 0 = [H1, η†] |ψn〉 ∀ n. (C11)
The proof of Eq. (C8) can then be completed following
the same steps as the proof of Lemma C.2.
Appendix D: Quantum Scars with Translation
Invariance
Here we show that the states of the tower {(η†)n |Ω〉}
lie in the bulk of the spectrum of the Hamiltonian
(HHub + ÎM+1) even if translation, inversion, spin-flip,
and Sz symmetries are preserved. We start with the
one-dimensional Hubbard model of even length L with
periodic boundary conditions, and add to it a small
perturbation ÎM+1 that breaks the integrability of spin
SU(2) symmetry and HHub, but preserves the spin-flip
and translation symmetries. We have numerically veri-
fied that such an ÎM+1 can be found for generic choices
of parameters {V {σj}{rj} } that satisfy Eq. (55). The states
(η†)n |Ω〉 for even n has the following quantum numbers:
momentum k = 0, charge Q = 2n, spin Sz = 0, inversion
I = +1 (for inversion about a site), spin-flip Pz = +1.
To determine whether these η-pairing states lie in the
bulk of the energy spectrum within their quantum num-
ber sectors, we can consider the non-interacting ferro-
magnetic eigenstates since their energies can be ana-
lytically obtained. Non-interacting ferromagnetic eigen-
states with charge Q = 2n and k = 0 can be con-
structed by occupying the single-particle spectrum of
the quadratic part of the Hamiltonian HHub with 2n ↑
spins such that the total momentum adds up to 0. Such
states with inversion quantum number I = +1 can be
constructed by having an even number of pairs of occu-
pied single-particle levels with momenta k and −k, which
can be realized when n is even. As a consequence of
the spin SU(2) symmetry of HHub, states with Sz = 0
can be obtained by applying the spin lowering operator
on these ferromagnetic states. The Sz = 0 states thus
obtained are also guaranteed to have spin-flip quantum
number Pz = +1 since they are part of the ferromagnetic
multiplet, and the inversion quantum number remains
unchanged by spin lowering. The lowest energy ferro-
magnetic state with these quantum number constraints
is constructed by occupying the lowest 2n single-particle
eigenstates except the k = 0 level by ↑ spins. Similarly,
the highest energy ferromagnetic state with these quan-
tum number constraints is built by occupying the highest
2n single-particle eigenstates except the k = pi level by ↑
spins. Their energies thus read
E± = −2nµ∓ 2t

 n∑
j=−n
cos
(
2pij
L
) − 1

= −2nµ∓ 2t
(
csc
(
2pi
L
)
sin
(
(2n+ 1)pi
L
)
− 1
)
.
(D1)
Similar to the case with disorder discussed in Sec. VC,
for small perturbations ÎM+1, we can use these non-
interacting states to estimate the energies of the lowest
and highest excited state restricted to a given quantum
number sector. The state (η†)n |Ω〉, the eigenstate with
n doublons with energy n(U − 2µ), certainly lies in the
bulk of the spectrum of its own quantum number sector
if E− < n(U − 2µ) < E+, or,
− 2t
n
(
csc
(
2π
L
)
sin
(
(2n+1)π
L
)
− 1
)
< U
< 2t
n
(
csc
(
2π
L
)
sin
(
(2n+1)π
L
)
− 1
)
. (D2)
For a finite density of doublons in the thermodynamic
limit (n/L = ρ, while n, L → ∞), we recover the bound
of Eq. (58).
Appendix E: Quantum Scars in D dimensions
In this appendix, we obtain the conditions for which
the states of the tower {(η†)n |Ω〉} are in the bulk of
the spectrum of the Hamiltonian (HHub + ÎM+1) in D-
dimensions. Consider a system of L × L × · · · × L sites
in D dimensions, and the state (η†)n |Ω〉 consisting of n
doublons. To obtain the conditions for (η†)n |Ω〉 to lie in
the bulk of the spectrum for a small perturbation ÎM+1,
it is sufficient to obtain the energies E− and E+ of the
lowest and highest ferromagnetic non-interacting eigen-
states with charge Q = 2n, as discussed in Sec. VC. To
do so, we directly work in the continuum limit in mo-
mentum space and with a finite density of doublons, i.e.
ρ ≡ n
LD
. (E1)
The single-particle density of states f(k) reads
f(k) =
(
L
2pi
)D
,
∫
dDk f(k) = LD. (E2)
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The Fermi momentum kF by filling the lowest 2n single-
particle levels satisfies the relation∫
|k|<kF
dDk f(k) =
(
L
2pi
)D
pi
D
2 kDF
Γ
(
D
2 + 1
) = 2n, (E3)
where we have used the expression for the volume of D-
dimensional sphere. We thus obtain
kF =
2
√
pi
L
(
2n Γ
(
D
2
+ 1
)) 1D
= 2
√
pi
(
2ρ Γ
(
D
2
+ 1
)) 1D
. (E4)
Note that Eq. (E3) breaks down for sufficiently large n
when the Fermi surface touches the edges of the Brillouin
Zone and is no longer a D-dimensional sphere, i.e. when
kF obtained using Eq. (E4) is greater than pi. Thus, the
calculations in this section are strictly valid when kF < pi,
or when the doublon density ρ satisfies
ρ <
pi
D
2
2D+1Γ
(
D
2 + 1
) . (E5)
However, we expect that similar arguments work for the
larger densities as well. Since the dispersion relation of
the quadratic part of the D-dimensional Hubbard models
is given by Eq. (3), the energy of the states obtained by
filling all single-particle momentum levels with |k| < kF
is given by
E− = −2nµ− 2tD
∫
|k|<kF
dDk f(k) cos (ki)
= −2nµ− 2tD
(
L
2pi
)D ∫
|k|<kF
dDk cos (ki)︸ ︷︷ ︸
≡ID(kF )
,
(E6)
where ki is the component of k along any axis. Eval-
uating the integral ID(kF ) in D-dimensional spherical
coordinates, we obtain
ID(kF ) = (2pikF )D2 JD
2
(kF ), (E7)
where Jα(x) is the α-th order Bessel function of the first
kind. Note that Jα(x) for α ∈ Z + 12 can be expressed
in terms of trigonometric functions. Thus, for D = 1 for
example, we obtain
I1(kF ) = 2 sin(kF ). (E8)
For the highest energy state, similar to Eq. (E6), we ob-
tain
E+ = −2nµ+ 2tD
(
L
2pi
)D
ID(kF ). (E9)
The state (η†)n |Ω〉 with n doublons is thus guaranteed to
be in the bulk of the spectrum if E− < n(U − 2µ) < E+,
or,
− 2D
(2pi)D
ID(kF )
ρ
<
U
t
<
2D
(2pi)D
ID(kF )
ρ
, (E10)
where ID(kF ) and kF are defined in Eqs. (E7) and (E4)
respectively. Note that we recover Eq. (58) by setting
D = 1 in Eq. (E10). For D = 2, the bound reads
−
√
8
piρ
J1(
√
8piρ) <
U
t
<
√
8
piρ
J1(
√
8piρ). (E11)
Appendix F: RSGAs in the AKLT Family of
Quantum Scarred Hamiltonians
In this section, we show that the AKLT family of quan-
tum scarred Hamiltonians studied in Refs. [13, 14] admit
RSGAs of orderM = 2. Throughout this section, we use
the notation
∣∣Jj,m〉 to denote a total angular momentum
eigenstates of two spin-1’s with total angular momen-
tum quantum number j, 0 ≤ j ≤ 2, and its z-projection
quantum number m, −j ≤ m ≤ j. We refer readers to
Ref. [14] for details of the notation. The one-dimensional
family of quantum scarred spin-1 Hamiltonians (includ-
ing the spin-1 AKLT chain) on a system size of L derived
in Refs. [13, 14] is given by
H(a) =
L∑
j=1
ĥj,j+1,
ĥj,j+1 = E
(∣∣J2,1〉 〈J2,1∣∣ + ∣∣J2,2〉 〈J2,2∣∣)
+
0∑
m,n=−2
z
(m,n)
j (
∣∣J2,m〉 〈J2,n∣∣). (F1)
where (z
(m,n)
j ) = (z
(m,n)
j )
∗. As discussed in Refs. [13]
and [14], for an even system size L and periodic boundary
conditions, the Hamiltonian of Eq. (F1) contains a tower
of quantum scars from a root eigenstate |G〉,
H(a)(P(a))n |G〉 = 2nE(P(a))n |G〉 , 0 ≤ n ≤ L
2
, (F2)
where |G〉 is the spin-1 AKLT ground state [6, 7], and
P(a) =
L∑
j=1
(−1)j(S+j )2, (F3)
which forms the analogue of the η† operator in the Hub-
bard models discussed in the main text. The spin-1
AKLT Hamiltonian [6, 7] is recovered from Eq. (F1) by
setting [14]
E = 1, z(m,n)j = δm,n. (F4)
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We first compute the commutator
[H(a),P(a)] =
L∑
j=1
(−1)j [ĥj,j+1, (S+j )2 − (S+j+1)]
≡ 2EP(a) +
L∑
j=1
(−1)j ĥ(1)j,j+1,
ĥ
(1)
j,j+1 = −2
0∑
n=−2
(
z
(−1,n)
j
∣∣J1,1〉+√2z(−2,n)j ∣∣J1,0〉) 〈J2,n∣∣,
(F5)
where we have used Eq. (F1), and [13]
(S+j )
2 − (S+j+1)2 = −2
(∣∣J2,1〉 〈J1,−1∣∣+√2 ∣∣J2,2〉 〈J1,0∣∣
+
∣∣J1,1〉 〈J2,−1∣∣+√2 ∣∣J1,0〉 〈J2,−2∣∣) . (F6)
Using Eqs. (F1) and (F5), it is apparent that H(a) can
be decomposed as
H(a) = H
(a)
SGA + V̂
(a), (F7)
where
H
(a)
SGA ≡
L∑
j=1
E
(∣∣J2,1〉 〈J2,1∣∣+ ∣∣J2,2〉 〈J2,2∣∣
− ∣∣J2,−1〉 〈J2,−1∣∣− ∣∣J2,−2〉 〈J2,−2∣∣) , (F8)
and it admits an exact SGA, i.e.
[H
(a)
SGA,P(a)] = 2EP(a). (F9)
Further, we note that
ĥ
(1)
j,j+1 |G〉 = 0, (F10)
since the AKLT ground state does not have a total spin
2 component over neighboring sites [6]. Using Eq. (F5),
we thus obtain
[H(a),P(a)] |G〉 = 2EP(a) |G〉 . (F11)
We further compute the next commutator
[[H(a),P(a)],P(a)] =
L∑
j=1
[h
(1)
j,j+1, (S
+
j )
2 − (S+j+1)2] ≡
L∑
j=1
ĥ
(2)
j,j+1
ĥ
(2)
j,j+1 = −4
√
2
0∑
n=−2
z
(−2,n)
j
∣∣J2,2〉 〈J2,n∣∣. (F12)
Similar to Eq. (F10), we obtain
ĥ
(2)
j,j+1 |G〉 = 0, and [[H(a),P(a)],P(a)] |G〉 = 0. (F13)
Using Eqs. (F12) and (F6), we further obtain
[[[H(a),P(a)],P(a)],P(a)] =
L∑
j=1
(−1)j [ĥ(2)j,j+1, (S+j )2 − (S+j+1)2]
= 0. (F14)
Using Eqs. (F2), (F11), (F13), and (F14), we obtain
that the family of Hamiltonians of Eq. (F1) admit an
RSGA of orderM = 2 (see Lemma C.3) with |ψ0〉 = |G〉,
E0 = 0, E = 2E , and η† = P(a). Similarly, we can verify
that the same algebraic structure holds for the single-site
quasiparticle family of scarred Hamiltonians studied in
Ref. [14], the one-dimensional spin-S AKLT Hamiltoni-
ans [7] and the associated family of scarred Hamiltonians
discussed in Ref. [13].
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